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Highlights
The horizontal velocity profile of the froth phase in coal flotation was measured
Comparisons between experiment and model were made
Six cumulative air recovery functions in the froth transport model were assessed
The cumulative air recovery function expressed in a power-law was the most suitable
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Experimental studies and modeling of surface bubble 
behaviour in froth flotation
Hangil Park and Liguang Wang*
The University of Queensland, School of Chemical Engineering, Brisbane, Qld 4072
Corresponding author: Liguang.Wang@uq.edu.au; phone number +61 7 3365 7942 
Abstract
Froth flotation is a versatile, widely used beneficiation technique employing air bubbles to 
selectively pick up certain particles in aqueous medium. The performance of the flotation 
process is significantly affected by froth stability and mobility, posing the need for precise 
control of the froth phase. The present paper aims to understand the motion of bubbles 
entering the froth phase from the pulp phase at different locations. The horizontal velocities 
of air bubbles across the top surface of the froth containing fine coal particles were 
measured. The results showed that at the region farthest from the froth discharge lip, no 
horizontal movement of the surface bubbles could be observed, and when approaching the 
lip there would be an increase in the horizontal velocity. The measured velocity profile was 
fitted to a froth model that considers the cumulative air recovery as a function of location. 
Six different types of cumulative air recovery functions were tested. The coefficient of 
determination (R2) and the Akaike information criterion were applied to select the 
cumulative air recovery function with best fit to describe the horizontal velocity profile. The 
selected cumulative air recovery function was in a simple power-law form.  
Keywords: Froth stability; Coal flotation; Transport model; Air recovery; Froth velocity
1 Introduction
Froth flotation is one of the most widely used particle separation techniques important to 
mineral and coal processing, waste paper recycling, and water treatment. In mineral 
industry, froth flotation is used to separate valuable fine mineral particles from the gangue. 
The flotation employs small air bubbles to selectively pick up the hydrophobic particles 
dispersed in water. The particle and air bubble aggregates in the pulp phase rise up and
enter the froth phase where there are a number of sub-processes such as particle 
attachment, detachment, reattachment, liquid drainage, and bubble coalescence and 
bursting. The residence time of the aggregates in froth phase is considered an important 
factor affecting the flotation performance. Since the residence time is influenced by the 
behaviour of bubbles in the froth phase, it is essential to understand the motion of bubbles 
inside the froth phase. 
Recent research progress found that flotation performance could have a strong correlation 
with air recovery, which is the fraction of air entering a flotation cell that overflows the froth 
discharge lip as unburst bubbles. For instance, Hadler et al. (2012) and Smith et al. (2010a, 
b) showed that peak air recovery (PAR) could indicate optimal flotation performance. 
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However, air recovery gives little information on the motion of bubbles entering the froth 
phase from the pulp phase at different locations, from which the bubbles would have 
different residence times in the froth phase.
Some models have been developed to estimate the motion of the bubbles inside the froth 
phase based on measurable variables (Moys, 1979; Zheng et al., 2004; Zheng and Knopjes,
2004; Contreras et al., 2013 ). Moys (1979) described the bubble motion inside the froth 
phase using the Laplace equation. Murphy et al. (1996) and Cilliers and co-workers 
(Neethling and Cilliers, 2003; Birito-Parada and Cillier, 2012; Cole et al., 2012) also used the 
Laplace equation to model the froth phase. However, the computational cost for solving the 
Laplace equation is relatively high. Moys (1979) also developed a simple transportation 
model based on mass balance equations. Similar approach was adopted by Zheng et al. 
(2004), Zheng and Knopjes (2004), and Contreras et al. (2013). 
The aforementioned models corroborated well with the experimental results but many of 
them were only validated in two-phase foam systems (in the absence of solid particles). The 
solid particles can significantly affect froth stability and mobility by increasing the viscosity 
of the froth (Hunter et al., 2008) and the rigidity of the lamellae (Johansson and Pugh, 1992). 
Consequently, it is expected that the motion and velocity distribution of bubbles in the froth 
phase in the presence of particles is different from that in the absence of particles. Although 
Zheng et al. (2004), Zheng and Knopjes (2004), and Contreras et al. (2013) attempted to 
validate their transportation models using three-phase froth systems, the velocity 
measurements were carried out at only one or few positions across the froth surface.
In the present paper, we report the measured horizontal velocities of air bubbles across the 
froth surface of a laboratory-scale mechanical flotation cell fed with an aqueous suspension 
of fine coal particles. The experimental data were fitted to a froth model on the basis of the 
work of Contreras et al. (2013), incorporating a cumulative air recovery function. Two 
statistical methods were jointly used to select the best cumulative air recovery function to 
describe the surface velocity profile of the coal-laden froth. The implications of the present 
study for flotation cell design and operation are discussed.
2 Froth phase modelling 
2.1 Model description
The main frame work of this study was based on the froth transportation model of 
Contreras et al. (2013). Briefly, the model has the following major assumptions:
i. The bubbles enter evenly (at a fixed flux) across the froth phase from the pulp phase;
ii. The velocity profile of the froth is determined by the motion of air bubbles in the 
froth phase;
iii. The gas holdup is constant throughout the froth phase;
iv. The thickness of the froth phase is constant;
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Figure 1 shows that the froth phase is divided into vertical and mixed transportation zones.  
In the vertical transportation zone, the bubbles (or froth) rise up vertically in plug-flow 
mode. Once the bubbles reach the level of the froth discharge lip, they enter the mixed 
transportation zone and start to move horizontally. A bubble sitting on the top surface of 
the mixed transportation zone can either burst or remain intact. The chance for a bubble to 
be recovered to the concentrate stream unburst would be related to the location of the 
bubble entering the pulp/froth interface, because a bubble rising closer to the lip is 
expected to have a higher chance to be recovered into the product froth. 
      
L
x
hf
Hf
Hout(X)Hin
Vin(X)
Vout(X)
Lip
Froth
Pulp
Figure 1. (L.H.S) Schematic drawing of the froth transportation zone. (R.H.S) Mass balance 
across the mixed transportation zone (Contreras et al., 2013).
The spatial horizontal velocity distribution can be obtained using a mass balance analysis for 
the mixed transportation zone (Fig.1, R.H.S).
                                                                      
[1]
where  is the flow rate of air arriving at the mixed transportation zone from the 
vertical transportation zone between 0 and  (normalised position,  ),  is the 
air flow leaving the mixed transportation zone by bubble bursting,  is the horizontal flow 
rate of air entering the mixed transportation zone, and  is the horizontal flow rate of 
air leaving the mixed transportation zone.
can be expressed using and the cumulative air recovery function, : 
[2]
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where  represents the fraction of the air entering between 0 to  that is recovered as 
unburst bubbles in the concentrate. The cumulative air recovery function is defined as the 
integral of a specific air recovery function,  over  from 0 to . The physical meaning 
of the specific air recovery is the probability of a bubble entering at position  that is 
recovered as unburst bubble at the discharging lip. Table 1 gives six different expressions 
for  and the corresponding .
It was reported by Levia (2011) that on the basis of the experimental work for a two-phase 
foam system, the cumulative air recovery function follows an ‘S-Shaped‘ curve . In the 
present work, however, six different functions were tested (see Table 1). These
cumulative air recovery function have two constraints: and . This 
means that at the back wall of the cell ( ), the cumulative air recovery must be 0, and 
at the froth discharge lip ( ), it should be equal to the overall air recovery, , which is 
measurable. The overall air recovery was determined using the following formula (Moys, 
1984):
    [3]
where  is the total volumetric flow rate of air that enters the froth phase,  is the gas 
hold up,  is the velocity of the overflowing froth, is the height of the overflowing froth
over the lip, (shown in Fig.2) is the length of the overflowing froth. Following Qu et 
al. (2013), when determining , the apparent flow rate of air ,which was 3 L/min at 200 
kPa gauge pressure, was converted to those at ambient pressure. 
With  =  ·Jg/  , , and , the horizontal velocity 
distribution, , of the mixed transportation zone can be obtained by combining Eqs. [1] 
and [2]. 
    [4]
where is the superficial gas velocity (Qin divided by the cross section area of the flotation 
cell).   
Table 1. Different types of  and .
Expression Description Constraints of 
adjustable 
parameters**
No. of 
adjustable
parameters
of 
1 Linear 0
2 Quadratic 1
3 Power law 1
4 Sinusoidal 0
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5* S-shape
where 
A = 2 where 
A = 
6 Piecewise linear
,               if 
, if 
where s is the size of 
the stagnant zone 
(see Section 4.1)
1
if , 
;
if , 
*Expression 5 is the cumulative air recovery function that was proposed by Contreras et al. (2013). 
**The constraints of the fitting parameters are discussed in Section 4.2.  
2.2 Model fitting to experimental data
Equation [4] comprising one of these six different cumulative air recovery functions, , 
as shown in Table 1, was fitted to the experimentally obtained froth surface horizontal 
velocity distribution using the method of least squares. The fitting was evaluated using two
criteria: the coefficient of the determination (R2) and the Akaike information criterion (AIC). 
The AIC was used to evaluate and select the most suitable expression from the candidate 
expressions. It attains the trade-off between goodness of fitting and complexity of the 
model. Therefore, it helps to select the most suitable expressions in a given data set.
According to Burnham and Anderson (2002), the AIC value can be calculated using Eq.[5], if 
the residual errors follow` constant variance and normal distribution.
   
[5]
where  is the number of samples and  is the total number of parameters in the model
(e.g., for Expression 1 in Table 1, K = 1).
Note, however, that the AIC does not have ability to test a null hypothesis because it only 
measures relative qualities of candidate models to describe a given data set. Therefore, if all 
candidate models fit the data set poorly, the obtained AIC value does not provide any useful 
information. To prevent this situation, the widely used coefficient of determination (R2) was 
also used in the present work.  
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3 Materials and Experimental Methods 
3.1 Materials
Methyl isobutyl carbinol (MIBC,98% purity) and diesel were purchased from Sigma Aldrich 
and Caltex, respectively. A coking coal sample with P80 = 220 μm and ash content of 
approximately 17% was obtained from a flotation feed stream in a coal preparation plant in 
Queensland, Australia. Brisbane tap water was used throughout the flotation experiment. 
3.2 Experimental Procedure of Coal Flotation 
A 1.5-L bottom driven mechanical flotation cell (L = 110 mm, W = 112 mm, H = 148 mm) fed 
with a suspension of fine coal (1.2 L slurry, 5 wt. % solid) was used. Figure 2 shows a 
schematic drawing of the flotation cell. Since the rotor (impeller) was placed at the bottom of 
the cell, its interference with froth phase behaviour was considered minimal.
A
loverflow
Schematic drawing of flotation cell
C B
D
Side view
Top view 
without slurry
Top view 
with slurry
Figure 2: The Photo and schematic of the bottom-driven coal flotation cell, comprising cell (A), rotor (B), 
stator(C), and froth discharge lip (D) 
A video camera (S3300, Nikon, Japan) and a laser distance meter (LDM-100, CEM, China) 
were placed above the cell lip to measure the horizontal velocity distribution and the height 
of the overflowing froth ( ) over the lip. Off-line image analysis (Tracker 4.80, 
OpenSourcePhysics, North Carolina, USA) was carried out to determine the speed of the 
froth movement at eight different positions across the froth surface. 
The dosage of MIBC and diesel was 25 ppm and 50 ppm (on a slurry basis), respectively. The 
agitation speed was set as 800 rpm, and the air flow rate was 3L/min. After 1 min of 
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conditioning time, the air was supplied. Immediately after the flotation froth started to 
overflow, the top froth layer was scraped once to remove the top froth layer heavily loaded 
with solid particles. In doing so, one can produce consistent experimental results with good 
repeatability. All the values shown in this paper were the average of three independent runs 
and the error bar represents the standard error. 
3.3 Verification of Pseudo-Steady State 
The transportation model presented in Section 2 is based on the assumption that the froth
flotation is at steady state. Ideally, the models are to be validated using the experimental 
results obtained either at laboratory scale in continuous mode or at industrial scale. In batch 
mode, the solid and frother concentrations in the pulp and froth phase will change overtime, 
which makes it difficult to evaluate the transportation models. Fortunately, however, a 
pseudo-steady state can be reached with using a laboratory scale flotation cell running in 
batch mode. Figure 3 shows the variation of the measured overall air recovery ( ) with time. 
In determining the air recovery, for simplicity, the gas holdup, , was assumed constant (= 
0.9). The value has no influence on UH at x = 1 and negligible effect on UH at x < 1.  Also 
plotted in Fig.3 are the measured overflowing froth height ( ) and length ( ) 
as a function of time. It was found that the air recovery, overflowing froth length and height 
would become stable within 10-30 s. At 40 s, the experimentally obtained air recovery had a 
large error bar, indicating rather poor reproducibility. The pseudo-steady state was, 
therefore, considered achievable within 10-30 s.
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Figure 3. Typical froth parameters measured at different times.
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Figure 4 shows the time-dependent variation of the froth velocity distribution.  Similar to
overall air recovery, the horizontal velocities obtained between 10-30 s had smaller error 
bars compared with those obtained at 40 s. Therefore, in the present work, the 
experimental data obtained within 10-30 s were used to assess the froth transportation 
model. 
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Figure 4.Typical surface velocity distributions measured at different times.
4 Results and Discussion
4.1 Horizontal velocity of surface bubbles
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Expression 4: ࡾ૛= 0.763;  
Expression 5: ࡾ૛= 0.972; ࢇ= - 3.48 ࢈= - 1.00
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Figure 5.Experimentally obtained horizontal velocity distribution . The lines represent 
Eq.[4] with different cumulative air recovery functions, listed in Table 1. The values 
of R2 and adjustable parameters are shown in the legend. Error bars represent standard 
error of mean values of three independent experiments.
Figure 5 shows the measured horizontal velocity, , of surface bubbles in coal flotation. 
At the back of the cell surface horizontal velocity was close to 0, indicating the presence of a 
stagnant zone. The horizontal froth velocity started to increase gradually from  = 0.3 
before increasing rapidly from  = 0.7. Similar observation was made by Ross (1990) who 
measured the surface froth velocities in large-scale pyrite flotation cells with uneven air 
velocity distribution over the pulp-froth interface. 
Also plotted in Fig.5 are the fitted lines representing Eq.[4] with L = 11.0 cm, Jg =0.71 cm/s, 
α= 0.388, hf =3.4 cm and different cumulative air recovery functions (see Table 1). As shown, 
Expressions 2 and 3 had a higher R2 (= 0.980) than others. Moreover, Expression 3 led to the 
highest value of the Akaike weight (see Table 2), suggesting that Expression 3 should be the 
most probable for describing the cumulative air recovery function than other expressions 
tested in the present work. Compared with Expressions 2 and 3, the lower Akaike weight
given by Expression 5 could be due to the higher complexity of Expression 5 (S-shaped). 
Table 2: Calculated AICc value and Akaike weights for model evaluation against horizontal 
velocity.
Expression AICc ΔAICc * Akaike weights, Wi **
1*** -208.3 9.7 0
2 -217.7 0.3 0.33
3 -218.0 0.0 0.40
4*** -184.5 33.5 0
5 -215.6 2.4 0.12
6 -216.1 1.9 0.15
* ΔAICc is the difference between maximum AICc value at given data set and individual AICc value.  
**Probability that an expression is the best in a given set of data candidate models
***Assumption about constant variance of residual was not met in case of Expression 1 and 4 as the residual 
error showed a distinctive trend.
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4.2 Cumulative air recovery function and specific air recovery function 
  
0
0.05
0.1
0.15
0.2
0.25
0.3
0.35
0.4
0.45
0 0.2 0.4 0.6 0.8 1
Normalised distance from the back of the cell, ࢞
Air recovery data
Expression 1
Expression 2
Expression 3
Expression 4
Expression 5
Expression 6
1
2 3
4
5
6
ࢌ ࡭ࡾ
(࢞)
Figure 6. Cumulative air recovery functions, , with parameters being determined by 
fitting the experimental data to Eq.[4]. The measured air recovery, , was 0.388.
Figure 6 shows the cumulative air recovery functions with best fit to the experimental 
shown in Fig.5. The different shapes and slopes of these cumulative air recovery
functions imply different bubble bursting rate at a given position. As noted before, the 
specific air recovery function, which is shown in Table 1, represents the probability of 
bubbles entering at positions   that is recovered as unburst bubble at discharging lip. 
Figure 7 shows experimentally determined specific air recovery profile of coal-laden bubbles 
whose motion and fate were tracked by video recording and off-line image analysis to see
whether a given bubble remained intact until it overflowed. The measurement started 
immediately after scraping the top froth layer once as the bubble had a little (or no) 
horizontal movement at the starting time. When measuring   , it was assumed that 
the bubbles within the mixed transportation zone would move vertically without horizontal 
motion. The results show that the specific air recovery was zero at the farthest region from 
the froth discharge lip and the probability of bubble discharge at the lip started increasing 
rapidly as the bubble was closer to the lip. This trend implies that a bubble entering the 
region near the lip would have a higher chance to survive as it had a shorter residence time 
in the froth phase owing to higher horizontal speed and shorter distance to travel at the 
froth surface. 
Also plotted in Fig.7 are lines representing  with the same parameters and values as 
shown in Fig.5. The AIC (shown in Table 4) and R2 values were used to examine the fitting of 
the specific air recovery functions to the experimentally obtained specific air recovery 
profile. Among all the expressions for , Expression 3 gave the highest R2 and Akaike 
weight, so Expression 3 was considered the most suitable for describing  the measured 
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specific air recovery profile. Expression 2 also had a linear incremental of specific air
recovery versus position, matching the experimentally observed increasing trend. 
Expression 5 showed ‘S-shaped’ increasing trend. Despite equal R2 values of the fitting by 
these three different expressions, the Akaike weights of Expressions 2 and 5 were lower 
than that of Expression 3. Expressions 1, 4, and 6 cannot be fitted satisfactorily to the 
measured specific air recovery, suggesting that neither linear nor sinusoidal incremental of 
the cumulative air recovery function was applicable here. 
Regardless of the bubble entering position, the appropriate specific air recovery function 
should have an increasing trend and its magnitude must fall between 0 to 1. As a result, the 
constraints for the fitting parameters shown in Table 1 can be explained as follows. The 
value of fitting parameter, , of the Expression 2 should be greater than 0 so as to allow the 
specific air recovery function to have an increasing trend. Moreover, it must be smaller than 
; otherwise, at the back of the cell (  = 0), the magnitude of the specific air recovery could 
become negative. In Expression 3,  should be larger than 1 to allow the specific air recovery 
to have a positive gradient and less than  to prevent the specific air recovery from 
becoming larger than 1 at the froth discharge lip (  =1). As for Expression 5, the value of the 
fitting parameter (which governs the location of the inflection point of the S-shape curve)
must be smaller than -1, otherwise the magnitude of the specific air recovery would 
decrease when passing the inflection point, in contradiction with the experimental 
observation. 
Table 3: Calculated AICc value and Akaike weights for model evaluation against bubble 
discharge probability.
Expression AICc Akaike weights, Wi R2
1* -53.6 0.00 0
2 -80.3 0.41 0.79
3 -80.4 0.43 0.79
4* -30.2 0.00 0
5 -78.4 0.16 0.79
6 -64.5 0.00 0.48
*Assumption about normal distribution of residuals was not met.
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Figure 7. Specific air recovery versus position. The lines represent the predictions with 
parameter values being the same as in Fig.5. The symbols represent the experimental data.
Specific air recovery in other systems was studied by Rojas et al.(2014) and Cutting (1986). 
Rojas et al. investigated the probability of bubble transportation by tracking the bubbles in 
two-phase foam system (in the absence of solid particles). It was found that a rapid increase 
in the probability of bubble discharge without bursting occurred at positions far from the lip 
when the superficial gas velocity was increased or the depth of froth was decreased. Cutting 
obtained the probability of discharge profile at different stages of pyrite flotation and 
observed that the rougher, second cleaner, and final cleaner cells had different discharge 
probability profiles. It appears, therefore, that the probability of discharge is not only a 
function of intrinsic properties of flotation such as mineral types, chemical dosage, and solid 
percentage of froth, but also operating conditions such as the superficial gas velocity and 
the froth depth. 
4.3 Implications for Flotation Cell Design and Operations
The results presented until now suggest that Expression 3 (power law) is the best 
cumulative air recovery function for describing the froth behaviour in coal flotation. Using 
Expression 3, one can then estimate the residence time of a bubble entering the froth phase 
at position x: 
τ(x) = τV(x) + τH(x)     [6]
where
τV(x) ≡ Hf·λ/Jg       [7]
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represents the residence time of the bubble rising up from the pulp-froth interface to the 
level of the froth discharge lip, and 
τH(x) =       [8]
represents the time for the bubble to be transported from position x to the froth discharge 
lip (x = 1). Substituting in Eq. [8] with Expression 3, one can obtain:
τ(x) =        [9]
According to Qu et al. (2013), in coal flotation, increasing Jg would increase α. Equation [9] 
suggests, therefore, that an increase in Jg would be associated with a decrease in the bubble 
residence time in the froth phase. Increasing  or   would increase the bubble residence 
time. Note that Eq.[9] does not explicitly comprise the parameter L, suggesting that 
equipment designed with longer or lower froth transport distances while keeping other 
design and operative parameters the same should have similar bubble residence time 
distribution in the froth phase. 
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Figure 8: Predicted residence time distribution with using Eq.[9] at different values of fitting 
parameter, a.
Figure 8 shows the modelled residence time distributions using Eq.[9] with the same
parameters (  = 0.9,  = 0.71 cm/s,  = 2.5cm,  = 3.4 cm, and   = 0.388) as presented in 
Section 4.1. The lines with different values of fitting parameter, , show the influence of the 
fitting parameter on the residence time distribution, in particular near the back wall of the 
flotation cell. It shows that at the back of the cell a stagnant region is expected to develop 
with high residence time. Increasing the value a, would enlarge the size of the stagnant zone 
and lead to steeper increase of the residence time near the back wall of the cell.
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It has been reported that the stagnant zone tends to develop at the back of the cell in case 
of rectangular flotation cell with single discharge and at the centre of the cell in case of 
cylindrical flotation cell. The stagnant zone is considered a waste of the cell volume since it 
does not contribute to the particle separation. Hence, estimating the size of the stagnant 
zone is crucial to enhance the design of the coal flotation cells and improve their efficiency.
The size of the stagnant zone can be estimated using the present froth transportation model 
if the cell dimensions, overall air recovery, operation variables, and surface froth velocity
profile are known. Figure 9 shows the influence of the fitting parameter, , on the froth
velocity distribution and the size of stagnant zone, with Expression 3, in which  = 0.9,  = 
0.71 cm/s,  = 3.4 cm, and  = 0.388. It appears that that increasing the value of would 
lead to formation of a larger stagnant zone at the back of the cell and the horizontal velocity 
near the cell lip would be increased more steeply. This information can be used to help 
design and use froth crowders to improve the kinetic viability and separation efficiency of 
the flotation. 
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Figure 9. Predicted horizontal velocity distribution with using Eq.[4] and Expression 3, at 
different value of fitting parameter, a.
5. Conclusions 
The froth surface velocity distribution of coal flotation was measured using a laboratory-
scale mechanical flotation cell. It was found that a pseudo-steady state with relatively 
constant air recovery, overflowing froth length, and surface velocity distribution was 
achieved in-between 10 and 30 s after the start of froth overflowing. A stagnant zone, 
where there was no horizontal movement of surface air bubbles, was observed near the 
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back wall of the flotation cell, farthest from the froth discharge lip, and the bubble velocity 
increased with decreasing the distance to the lip. 
A froth phase transportation model comprising different types of cumulative air recovery 
functions with best fit to the measured surface velocity distribution in coal flotation was 
evaluated using the Akaike information criteria and the coefficients of determination, R2. It 
was found that the cumulative air recovery function expressed in power-law form was the 
best to describe the motion of the coal-laden froth. 
The specific air recovery functions obtained by differentiating the cumulative air recovery
functions were fitted to the measured probability of a bubble entering at position  that is 
recovered unburst at the froth discharge lip. It was also found that the cumulative air 
recovery function expressed in power-law form was the best to describe the probability of 
bubble discharge without bursting in coal flotation. The probability increased as the distance 
to the froth discharge lip decreased.
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